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We explore the topological properties of double-Weyl semimetals with cold atoms in optical lat-
tices. We first propose to realize a tight-binding model of simulating the double-Weyl semimetal
with a pair of double-Weyl points by engineering the atomic hopping in a three-dimensional opti-
cal lattice. We show that the double-Weyl points with topological charges of ±2 behave as sink
and source of Berry flux in momentum space connecting by two Fermi arcs and they are stabilized
by the C4h point-group symmetry. By applying a realizable C4 breaking term, we find that each
double-Weyl point splits into two single-Weyl points and obtain rich phase diagrams in the param-
eter space spanned by the strengths of an effective Zeeman term and the C4 breaking term, which
contains a topological and a normal insulating phases and two topological Weyl semimetal phases
with eight and four single-Weyl points, apart from the double-Weyl semimetal phase. Furthermore,
we demonstrate with numerical simulations that (i) the mimicked double- and single-Weyl points
can be detected by measuring the atomic transfer fractions after a Bloch oscillation; (ii) the Chern
number of different quantum phases in the phase diagram can be extracted from the center shift of
the hybrid Wannier functions, which can be directly measured with the time-of-flight imaging; (iii)
the band topology of the C4-symmetric Bloch Hamiltonian can be detected simply from measuring
the spin polarization at the high symmetry momentum points with a condensate in the optical lat-
tice. The proposed system would provide a promising platform for elaborating the intrinsic exotic
physics of double-Weyl semimetals and the related topological phase transitions.
I. INTRODUCTION
Recently, topological Weyl semimetals have attracted a
broad interest due to their wide range of exotic properties
that are distinct from those of topological insulators [1–
12]. Most importantly, the long-sought Weyl fermions,
which are massless spin-1/2 particles in quantum field
theory but have never been observed as fundamental par-
ticles in nature, can emerge as gapless quasiparticle exci-
tations near band touching points dubbed as Weyl points
in Weyl semimetals. The topological nature of the Weyl
points in three-dimensional momentum space supports
the existence of nontrivial Fermi arc surface states. The
Weyl fermions in the bulk and the Fermi arc states in the
surfaces are expected to give rise to exotic phenomena
in Weyl semimetals, such as anomalous electromagnetic
responses [6, 11, 12]. A significant advance has been the-
oretically and experimentally made for exploring Weyl
physics not only in real materials [8–10], but also in some
artificial systems, such as photonic and acoustic crystals
[13–16]. Interestingly, a new three-dimensional topologi-
cal semimetal state, dubbed double-Weyl semimetal, has
been theoretically proposed in solids that possess cer-
tain point-group symmetries [17–24]. The standard Weyl
semimetal has linear dispersion in all the three momen-
tum directions near the single-Weyl points with topolog-
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ical charge of ±1. In contract, the dispersion of a double-
Weyl semimetal is quadratic in two dimensions and linear
in the third dimension near the gapless points with topo-
logical charge of ±2, which are thus named as double-
Weyl points. Several materials have been proposed to be
potential candidates of double-Weyl semimetals [17–24],
and the double-Weyl points have recently been observed
in photonic crystals [16]. Some important properties of
this newly predicted topological state are rarely explored,
such as the symmetry-breaking effects and the topologi-
cal phase transition. Thus, other experimentally tunable
systems for exploring the exotic topological properties
double-Weyl semimetals are highly desirable.
On the other hand, ultracold atoms in optical lattices
play an important role in advancing our understanding of
condensed matter physics [25]. Remarkably, as recent ex-
perimental advances in realizing spin-orbit coupling and
artificial gauge field for neutral atoms [26–28], these sys-
tems provide a powerful platform with unparalleled con-
trollability towards studying topological states of mat-
ter. For instance, the celebrated Harper-Hofstadter [29]
model and Haldane model [30] have been realized [31–
35] experimentally in optical lattices, where the Chern
number has also been successfully probed. The chiral
edge states have been experimentally observed in one-
dimensional optical lattices subjected to a synthetic mag-
netic field and an artificial dimension [36, 37]. The topo-
logical (geometric) pumping has been demonstrated with
cold atoms in optical superlattices [38–40]. The two-
dimensional spin-orbit coupling for Bose-Einstein con-
densates has been realized in optical lattices and the band
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2topology has also been measured [41]. Then an impor-
tant question is raised: can we realize other predicted
topological phases that are rare in solid-state materials
in the cold atom systems? Several proposals have been
suggested to realize exotic topological insulting states
[42–47] and topological nodal semimetals with single-
Weyl points or nodal loops [48–55] in optical lattices.
Notably, it was proposed to simulate the double-Weyl
semimetals with ultracold atoms in optical lattices in the
presence of synthetic non-Abelian SU(2) gauge poten-
tials [24]. Other feasible schemes for mimicking tunable
double-Weyl semimetal states and detecting their intrin-
sic topological properties in cold atomic systems are still
badly awaited.
In this paper, we explore the topological double-Weyl
semimetals with cold atoms in optical lattices. We first
propose to realize a tight-binding model of simulating the
double-Weyl semimetal with tunable double-Weyl points
by engineering the atomic hopping in a three-dimensional
cubic optical lattice. We show that a pair of double-Weyl
points with nontrivial monopole charges behave as sink
and source of Berry fluxes in momentum space and they
are stabilized by the C4h point-group symmetry. We fur-
ther investigate the topological properties of the double-
Weyl semimetal by calculating kz-dependent Chern num-
ber and the gapless edge states. By applying a realizable
C4 breaking term, we find that each double-Weyl point
splits into two single-Weyl points and obtain a rich phase
diagram in the parameter space spanned by the strengths
of an effective Zeeman potential and the C4 breaking
term, which contains a topological insulator phase, a
normal band insulator phase, and two topological Weyl
semimetal phases with eight and four single-Weyl points
apart from the double-Weyl semimetal phase. Finally, we
demonstrate with numerical simulations that (i) the anal-
ogous double- and single-Weyl points can be detected by
measuring the atomic transfer fractions after a Bloch os-
cillation; (ii) the kz-dependent Chern number of different
quantum phases in the phase diagram can be extracted
from the center shift of the hybrid Wannier functions,
which are based on time-of-flight imaging; (iii) the band
topology of the C4-symmetric Bloch Hamiltonian can be
detected simply from measuring the spin polarization at
the high symmetry momentum points with a condensate
in the optical lattice. The proposed cold-atom system
provides a promising platform for elaborating the intrin-
sic exotic physics of double-Weyl semimetals and the re-
lated topological phase transitions.
The paper is organized as follows. Section II intro-
duces the tight-binding model and optical-lattice system
for realizing double-Weyl semimetals with double-Weyl
points. In Section III, with the numerical calculation of
the Chern number and the chiral edge states, we elabo-
rate the topological properties of the simulated double-
Weyl semimetals and obtain a rich phase diagram con-
taining other topological quantum phases by applying a
symmetry breaking term. In Section IV, we propose re-
alistic schemes to detect the simulated Weyl points and
the characteristic topological invariant with cold atoms
in the optical lattice. Finally, a short conclusion is given
in Sec.V.
II. MODEL AND SYSTEM
We consider a non-interacting (pseudo)spin-1/2 degen-
erate fermionic gas in a three-dimensional cubic optical
lattice, where the spins are encoded by two atomic in-
ternal states labeled as | ↑〉 and | ↓〉. The tight-binding
Hamiltonian of the cold atom system is considered to be
Hˆ =
t
2
∑
r
(
aˆ†r+x,↑aˆr,↓ − aˆ†r+y,↑aˆr,↓ + H.c.
)
− it
4
∑
r
[
aˆ†r+(x+y),↑aˆr,↓ − aˆ†r+(x−y),↑aˆr,↓ + H.c.
]
− t
2
∑
r,η
(
aˆ†r+η,↑aˆr,↑ − aˆ†r−η,↓aˆr,↓ + H.c.
)
(1)
+mz
∑
r
(
aˆ†r,↑aˆr,↑ − aˆ†r,↓aˆr,↓
)
,
where aˆr,σ (aˆ
†
r,σ) is the annihilation (creation) operator
on site r for the fermion with spin σ = {↑, ↓}, η = x, y, z
denote the hopping directions, mz is the strength of an
effective Zeeman potential, and the hopping strength is
set t = 1 as the energy unit hereafter. By defining the
two-component annihilation operator at site r as aˆr =
(aˆr,↑, aˆr,↓)T , Hamiltonian (1) can be rewritten as
Hˆ =
∑
r,η
(
aˆ†r+ηUηaˆr + H.c.
)
+mz
∑
r
aˆ†rσzaˆr (2)
+
∑
r
[
aˆ†r+(x+y)Uxyaˆr − aˆ†r+(x−y)Uxyaˆr + H.c.
]
,
where the hopping matrices along the three axis are Ux =
1
2 (σx−σz), Uy = − 12 (σx+σz) and Uz = − 12σz, and along
the xy direction is Uxy = − 14σy, with σx,y,z being the
Pauli matrices acting on the spin states.
Here the atomic hoppings Uη and Uxy between two lat-
tice sites along the corresponding direction can be spin-
conserved hopping (the σz term) or spin-flip hopping (the
σx and σy terms), which can be achieved by the laser-
assisted tunnelling technique with well-designed Raman
coupling between the two spin states [26–28]. First, one
can use a moderate magnetic field to distinguish the spin
states with the Zeeman splitting, which allows one to
correlate tunnelling in a spatial direction with rotations
in internal spin states and state-dependent tunnelling
phases. Second, the natural hopping along each direction
is suppressed by titling the cubic optical lattice with a
homogeneous energy gradient along the x, y, z-directions,
with the large tilt potential ∆η  tN (such that the hop-
ping probability (tN/∆η)
2
induced by the natural tunnel-
ing is negligible) and tN denoting the natural tunneling
rate. The tilt potential can be created through the natu-
ral gravitational field or the gradient of a dc- or ac-Stark
3shift, and here we require different linear energy shifts
per site ∆x 6= ∆y 6= ∆z 6= ∆x ± ∆y in order to distin-
guish between the tunnellings directed along different di-
rections. Finally, the hopping terms can be restored and
engineered by application of two-photon Raman coupling
with the laser beams of proper configurations through
the laser-frequency and polarization selections [26–28].
In principle, arbitrary 2 × 2 hopping matrices including
the required Uη,xy can be generated in this way with
well-designed laser configurations [42–44]. Since several
protocols for implementing similar atomic hopping ma-
trices and the tunable Zeeman potential have been theo-
retically proposed or experimentally realized [41–47] and
a different model of double-Weyl semimetals in optical
lattices has been presented, here we leave some details of
realization out and focus on exploration and detection of
their novel topological properties in the following.
For this lattice system under the periodic boundary
condition, the tight-binding Hamiltonian can be rewrit-
ten as Hˆ =
∑
k,σσ′ aˆ
†
kσ[H(k)]σσ′ aˆkσ, where aˆkσ =
1/
√
V
∑
r e
−ik·raˆrσ is the annihilation operator in mo-
mentum space k = (kx, ky, kz), and H(k) = d(k) · σˆ is
Bloch Hamiltonian. Here d(k) = (dx, dy, dz) denotes the
Bloch vectors: dx = cos kx − cos ky, dy = sin kx sin ky,
and dz = mz − cos kx − cos ky − cos kz, with the lattice
spacing a ≡ 1 and ~ ≡ 1 hereafter. The Bloch Hamilto-
nian is thus given by
H(k) = (cos kx − cos ky)σx + sin kx sin kyσy
+(mz − cos kx − cos ky − cos kz)σz. (3)
The energy spectrum of the system is given by E±(k) =
±|d(k)|. The bulk gap closes when dx(k) = dy(k) =
dz(k) = 0. By solving the equations, we can obtain
a pair of twofold degenerate points that are double-
Weyl points W± = (0, 0,± arccos(mz − 2)) for 1 <
mz < 3 and another pair of double-Weyl points W± =
(pi, pi,± arccos(mz + 2)) for −3 < mz < −1. For in-
stance, the energy spectrum as a function of ky and kz
with fixed kx = 0 for mz = 2 is shown in Fig. 1(a), where
two double-Weyl points locate at (0, 0,±pi/2).
We consider the nodes W± = (0, 0,± arccos(mz − 2))
to further show that they are double-Weyl points. Ex-
panding the Bloch Hamiltonian near the two nodes with
q = (qx, qy, qz) ≡ k−W± yields the low-energy effective
Hamiltonian
H± ≈ 1
2
(q2y − q2x)σx + qxqyσy + χvzqzσz, (4)
where χ = ±1 respectively for the two nodes W± and
vz =
√
1− (mz − 2)2. The effective Hamiltonian shows
that the dispersion near the nodes is quadratic in kx and
ky and linear in kz. One can rewrite the low-energy ef-
fective Hamiltonian as
H± = 
(
χ cos θ − sin θei2ϕ
− sin θe−i2ϕ −χ cos θ ,
)
(5)
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FIG. 1: (Color online) (a) The band dispersion of the double-
Weyl semimetal in the ky-kz plane with kx = 0 and mz = 2.
(b) The vector distribution of the Berry curvature F (k) in
the ky-kz plane. The double-Weyl point W+ = (0, 0,+
pi
2
)
denoted by yellow dot is a sink in momentum space and the
other point W− = (0, 0,−pi2 ) denoted by red dot is a source
in the momentum space.
where v‖ = 12 , q
2
‖ = q
2
x+q
2
y,  =
√
(vzqz)2 + v2‖(q
2
x + q
2
y)
2,
cos θ = vzqz/, sin θ = v‖q2‖/, sinϕ = qx/q‖, and cosϕ =
qy/q‖. The eigenstates of the lowest band near the two
nodes with index χ = ±1 are respectively given by |u0〉 =
(sin θ2e
i2ϕ, cos θ2 )
T and |u0〉 = (cos θ2ei2ϕ,− sin θ2 )T . The
Chern number (topological charge) Cχ of the nodes can
thus be computed by integrating the Berry curvature over
an arbitrary Fermi sphere S that encloses each node [22]:
Cχ =
1
2pi
∮
S
dS · F = −2χ, (6)
where the Berry curvature F = ∇×A and A = (Aθ, Aφ)
is the Berry connection given by Aθ = i〈u0|∂θ|u0〉 = 0
and Aϕ = i〈u0|∂ϕ|u0〉 = −2χ sin2 θ2 . The above re-
sults reveal that the two nodes have opposite topological
charges of ±2 and quadratic dispersion, in contract to
the standard Weyl points in Weyl semimetals that have
topological charges of ±1 and linear dispersion, so they
are named double-Weyl points. Thus the system is in the
double-Weyl semimetal phase when the Fermi level lies
in the vicinity of the double-Weyl points.
In momentum space, the gauge field associated with
the Berry curvature near the neighborhood of Weyl node
behaves like a magnetic field originating from a mag-
netic monopole. Here the opposite chirality of the paired
double-Weyl points can also be viewed as a monopole-
antimonopole pair in the momentum space. To show
this point, we calculate the Berry curvature as a func-
tion of the momentum k: F (k) = ∇ × A(k) with the
Berry connection A(k) = i〈u0(k)|∇k|u0(k)〉 defined by
the wave function |u0(k)〉 in the lowest band. For the
two bands system, the lowest-band Berry curvature in
the momentum space is given by [56]
F a = abcFbc = abc
[
1
2d3
d ·
(
∂d
∂kb
× ∂d
∂kc
)]
, (7)
where the three components are obtained as F x =
(sin kx cos kx cos ky sin kz − sin kx sin kz)/N(k), F y =
4(cos kx cos ky sin ky sin kz− sin ky sin kz)/N(k), and F z =
(2 sin2 ky+2 sin
2 kx cos
2 ky+(cos kz−mz)(sin2 kx cos ky+
cos kx sin
2 ky))/N(k), with N(k) = 2[(cos kx− cos ky)2 +
sin2 kx sin
2 ky + (mz − cos kx − cos ky − cos kz)2]3/2. The
vector distribution of the Berry curvature F (k) in the
kx = 0 plane are plotted in Fig. 1(b), which clearly shows
that the double-Weyl points located at W± = (0, 0,±pi2 )
behave as sink and source of the Berry flux.
Finally in this section, we note that the double-Weyl
points are stabilized by the C4h symmetry of the system,
which consists of C4 point-group symmetry and mirror
symmetry P with the Bloch Hamiltonian obeying [17, 20]
C4H(k)C−14 = H(Pk) (8)
where C4 = e
−ipi2 σz is a point-group operator for the four-
fold rotation about the z axis and P is a matrix trans-
fering (kx, ky, kz) to (ky,−kx,−kz). Here we can define
f(k) = dx(k)− idy(k) and σ± = (σx ± iσy)/2, such that
the Bloch Hamiltonian of the two-band model can be
rewritten as H(k) = f(k)σ+ + f∗(k)σ−+ dz(k)σz. Thus
the transform of H(k) under C4 leads to C4H(k)C−14 =
f(k)e−i
pi
2 σzσ+e
ipi2 σz + f∗(k)e−i
pi
2 σzσ−ei
pi
2 σz + dz(k)σz.
Since the Bloch vectors of the double-Weyl semimetal
satisfy f(Pk) = −f(k), f∗(Pk) = −f∗(k) and dz(Pk) =
dz(k), the system preserves C4h symmetry. When the
C4h symmetry are broken, the double-Weyl points will be
destroyed and the system is no longer in the double-Weyl
semimetal phase. Thus it would be valuable to study the
symmetry-breaking effects and the related phase transi-
tion in this tunable system.
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FIG. 2: (Color online) (a) The energy spectrum and edge
states of the reduced chain with lattice sites Ly = 60 under
open boundaries for kz = 0. There are two chiral states per
surface and the inset shows the density distributions of four
typical edge modes. (b) The energy spectrum for kz = 0.5pi.
(c) The energy spectrum for kz = 0.6pi. Other parameter
mz = 2.
III. TOPOLOGICAL PROPERTIES OF THE
SIMULATED DOUBLE-WEYL SEMIMETALS
To further study the topological properties of this sys-
tem, we consider the Bloch Hamiltonian with dimension
reduction method: considering kz as a good quantum
number and then reduce the three-dimensional system
to a set of two-dimensional subsystems with kz as a pa-
rameter. For a fixed kz, the reduced Bloch Hamiltonian
Hkz (kx, ky) is given by
Hkz (kx, ky) = (cos kx − cos ky)σx + sin kx sin kyσy
+(Mz − cos kx − cos ky)σz, (9)
where Mz = mz− cos kz. The bands of these subsystems
with fixed kz are all gapped when kz 6= ±kcz with kcz =
arccos(mz − 2). Under this condition, Hkz (kx, ky) de-
scribes effective two-dimensional Chern insulators since
the kz-dependent Chern number is given by
Ckz =
1
4pi
∫ pi
−pi
dkx
∫ pi
−pi
dky dˆ ·
(
∂kx dˆ× ∂ky dˆ
)
, (10)
where dˆ ≡ d/|d|. In the parameter regime 1 < |mz| < 3,
we obtain that Ckz = 2 for the planes with −kcz < kz <
kcz and Ckz = 0 for other cases. With similar dimension
reduction method, such a two-dimensional Chern insula-
tor can be regarded as a fictitious one-dimensional chain
subjected to an external parameter kx since we can con-
sider kx as a good quantum number. The tight-binding
Hamiltonian of such a one-dimensional chain along the y
axis can be written as
Hˆy(kx, kz) = −1
2
∑
iy
(
aˆ†iy,↑aˆiy+1,↑ − aˆ
†
iy,↓aˆiy+1,↓ + H.c.
)
−1
2
∑
iy
[(1 + sin kx)aˆ
†
iy,↑aˆiy+1,↓ +
(1− sin kx)aˆ†iy,↑aˆiy−1,↓ + H.c.]
+
∑
iy
Mzx(aˆ
†
iy,↑aˆiy,↑ − aˆ
†
iy,↓aˆiy,↓)
+
∑
iy
cos kx(aˆ
†
iy,↑aˆiy,↓ + aˆ
†
iy,↓aˆiy,↑), (11)
where Mzx = Mz − cos kx = mz − cos kx − cos kx. The
tight-binding Hamiltonian can be used to study the non-
trivial edges states in the system.
We numerically calculate the energy spectrum E(kx)
of the reduced chain with length Ly = 60 under open
boundary conditions in different kz planes for fixed mz =
2, which corresponds to kcz = 0.5pi. As shown in Fig.
2(a) for kz = 0, two symmetric bulk bands with an en-
ergy gap accompanies two chiral in-gap states per surface.
The two chiral states have degeneracies and connect the
separated bands, which is consistent with bulk-edge cor-
respondence in this case with the bulk Chern number
5Ckz = 2. The two chiral states gradually spread into the
bulk when their energies are closer to the bulk bands.
The density distributions of some edge modes are shown
in the inset in Fig. 2(a) for typical kx. Increasing |kz|
to the critical points kcz, the two degeneracies of surface
states move to the center and then merge at the double-
Weyl points at kz = ±kcz, with the energy spectrum of
kz = k
c
z = 0.5pi being shown in Fig. 2(b). When kz in-
ters the region |kz| > kcz, the energy spectrum is again
gapped but there is no chiral edge state since Ckz = 0
in this region, with the case of kz = 0.6pi shown in Fig.
2(c). The change of topological invariant Ckz from 2 to
0 indicates a double-Weyl point of monopole charge 2.
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FIG. 3: (Color online) (a) Fermi arcs connecting the mimicked
double-Weyl points W± with monopole charges ∓2 denoted
by white dots. The black line denotes Fermi arcs formed by
gapless zero-energy edge modes. (b) Fermi arcs when δ = 1.
The two double-Weyl points split into four single-Weyl points
when δσx term is added, and the Fermi arcs (black lines) ter-
minate at four points denoted by white dots. W1,+ and W2,+
have monopole charge −1, W1,− and W2,− have monopole
charge +1. (c) and (d) The band dispersions E(kx, kz) and
E(kx, ky) for δ = 1 with fixed ky = 0 and kz =
pi
3
, respectively.
The other parameter is mz = 1.5.
We further study the Fermi-arc zero modes (with en-
ergy E = 0) by numerically calculating the energy
spectrum E(kx, kz) of the surface states, with the re-
sults being plotted in Fig. 3(a) for typical parameter
mz = 1.5. In this case, the two double-Weyl points lo-
cate at W± = (0, 0,± 2pi3 ), and they are connecting by
two Fermi arcs with E = 0 plotted with the black lines.
We also find that if mz are approaching to the critical
values ±1 or ±3, the Fermi arcs shrink since the two
double-Weyl nodes move to each other, and they van-
ish entirely at the phase boundaries when the two Weyl
points merge.
We proceed to study the effects of symmetry breaking
in the double-Weyl semimetals. To this end, we can add
a term HP = δσx to the Bloch Hamiltonian in Eq. (3) to
break its C4 symmetry, the resultant Hamiltonian H˜ =
H+HP becomes
H˜ = (cos kx − cos ky + δ)σx + sin kx sin kyσy
+(mz − cos kx − cos ky − cos kz)σz. (12)
In the optical lattice, the HP term corresponds to the
tunable in-site coupling between the two spin states de-
scribed by HP = δ
∑
r aˆ
†
r,↑aˆr,↓ + H.c., which can be re-
alized by additional Raman coupling. In this case, we
find that the bulk gap can be closed if |δ| 6 2. In
particular, for 1 − mz 6 δ 6 3 − mz, we can find
four single Weyl points located atW 1,± = (− arccos(1−
δ), 0,± arccos(mz − 2 + δ)) and W 2,± = (arccos(1 −
δ), 0,± arccos(mz − 2 + δ)). For mz + 1 6 δ 6 mz + 3,
there are also four single Weyl points at (kx, ky, kz) =
(pi,± arccos(1 − δ),± arccos(mz − 2 + δ)). Similarly,
when −2 6 δ 6 0, the single Weyl points are at
(kx, ky, kz) = (0,± arccos(1+δ),± arccos(mz−2+δ)) for
mz−3 6 δ 6 mz−1 and at (kx, ky, kz) = (± arccos(−1−
δ), pi,± arccos(mz + 2 + δ)) for −3−mz 6 δ 6 −1−mz.
To reveal the topological nature of these gapless points
more clearly, we first expand the Hamiltonian near the
four points W λ,µ with λ = 1, 2 and µ = +,−. We obtain
the corresponding low-energy effective Hamiltonian Hλ,µ
(the other three cases proceed similarly):
Hλ,µ ≈ (−1)λα[qyσy − (qx − qz)σx] + µαzqzσz, (13)
where α =
√
1− (1− δ)2 and αz =
√
1− (mz − 2 + δ)2
are the effective Fermi velocities, and q = (qx, qy, qz) =
k −W 1,± or q = k −W 2,± for the four points. Thus,
the dispersion near the gapless points is linear along the
three momentum directions, indicating that these nodes
are single-Weyl points. We then consider the evolu-
tion of the Fermi arcs as increasing δ from 0 to 2, and
find that each double-Weyl point of monopole charge
+2(−2) in the double-Weyl semimetal (1 < mz < 3 and
δ = 0) splits into two pairs of single-Weyl points with
monopole charge +1(−1) connected by two disconnected
Fermi arcs. When δ = 2 the two pairs of single-Weyl
points merge and the Fermi arcs disappear. For exam-
ple, there are two Fermi arcs which terminate at the four
single-Weyl points for δ = 1 and mz = 1.5, as shown
in Fig. 3(b). The corresponding energy spectra on the
kx − kz (ky = 0) and kx − ky (kz = 0) planes are respec-
tively shown in Fig.3 (c) and (d), which indicate the lin-
ear dispersion of the four single-Weyl points along each
momentum direction. Therefore in this parameter re-
gion (1 < mz < 3 and 0 < δ < 2), the system is in
6the single-Weyl semimetal phase with four single-Weyl
points, which can be obtained for the other three param-
eter regions.
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FIG. 4: (Color online) The phase diagram of the Hamilto-
nian in Eq. (12). TI denotes the topological insulating phase
(dark red), NI denotes the normal band insulating phase
(green), WSM8 the Weyl semimetal phase with eight single-
Weyl points (dark blue), WSM4 denotes the Weyl semimetal
phase with four single-Weyl points (blue), and DWSM is the
double-Weyl semimetal phase (yellow lines).
By similar analysis of the gapless points and the topo-
logical properties, we obtain the phase diagram for the
Hamiltonian in Eq. (12) in the parameter space spanned
by mz and δ, as shown in Fig. 4. In the phase dia-
gram, apart from the double-Weyl semimetal phase (de-
noted by DWSM) and the single-Weyl semimetal phase
with four Weyl points (denoted by WSM4), there are
other three different phases: a normal band insulating
phase (denoted by NI) with Ckz = 0 when mz or δ is
large enough to open a trivial energy gap, a weak topo-
logical insulating phase (denoted by TI) with Ckz = 2
and chiral edge states for all the range of kz when
−mz − 1 < δ < 1 − mz and mz − 1 < δ < mz + 1,
and a single-Weyl semimetal phase with eight Weyl
points (denoted by WSM8). For the WSM8 phase with
1 < δ < 2, the eight (four pairs) single-Weyl points lo-
cate at W 1,± = (− arccos(1 − δ), 0,± arccos(mz − 2 +
δ)), W 2,± = (arccos(1 − δ), 0,± arccos(mz − 2 + δ)),
W ′1,± = (pi,− arccos(δ − 1),± arccos(mz + 2− δ)), and
W ′2,± = (pi, arccos(δ− 1),± arccos(mz + 2− δ)). Figure
5(a) depicts the position and monopole charge of these
eight single-Weyl points in momentum space. The corre-
sponding kz-dependent Chern number Ckz as a function
of kz is plotted in Fig. 5(b). We find that Ckz = 2
when kz(−kw,−kw′) with kw = arccos(mz − 2 + δ) and
kw
′
= arccos(mz + 2− δ). When kz sweeps through two
single-Weyl points with the total monopole charge being
+2(−2), the Chern number will increase (decrease) 2, and
thus Ckz = 0 within the region (−kw
′
, kw
′
). The Chern
number increases from 0 to 2 when kz sweeps through two
points W ′1,+ and W ′2,+, so Ckz = 2 for kz(kw
′
, kw).
Finally Ckz = 0 when kz > k
w or kz < −kw′ .
  kx=π 
kx 
+ 
kz 
ky 
ky=0 
+ 
+ 
+ 
(a) 
kz 
Ckz 
(b) 
2 
kw′  
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2,W 
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

wk

 wk
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FIG. 5: (Color online)(a) Illustration of the eight single-Weyl
points. The monopole charges of W ′1,−, W ′2,−, W 1,+,
W 2,+ are -1, and the monopole charges of W
′
1,+, W
′
2,+,
W 1,−, W 2,− are +1. (b) The Chern number as function of
kz. Here k
w = arccos(mz−2+δ) and kw′ = arccos(mz+2−δ).
IV. EXPERIMENTAL DETECTION SCHEMES
At this stage, we have introduced the optical lat-
tice system for simulation of the double-Weyl semimetal
states and explored the relevant topological properties
and the phase diagram. In this section, we propose
practical methods for their experimental detection. We
first show that the simulated Weyl points can be probed
by measuring the atomic Zener tunneling to the excited
band after a Bloch oscillation, and then propose two fea-
sible schemes to obtain the kz-dependent Chern number
from the shift of hybrid Wannier center and from the the
spin polarization in momentum space, respectively.
A. Detection of the Weyl points
Here we propose to use the atomic Bloch-Zener oscil-
lation in the optical lattice to detect the double- and
single-Weyl points in this system. One can prepare non-
interacting fermionic atoms in the lower band initially
and apply a constant force F along η axis, which push
the atoms moving along kη direction in momentum space
and gives rise to Bloch oscillations. Then one can ob-
tain the momentum distribution of the transfer fraction
in the upper band from time-of-flight measurement after
performing a Bloch oscillation. For the system with the
double-Weyl points W± = (0, 0,±kcz), the transfer frac-
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FIG. 6: (Color online) (a) The distribution ξx(ky, kz). Two
maximum transfer positions in ky-kz plane correspond to the
positions of the double-Weyl points. (b) The distribution
ξz(kx, ky). The maximum dip inside the ring profile indicates
kx = ky = 0 for the points. In (a) and (b), δ = 0 and mz = 2.
(c) ξx(kz) for different parameter mz with δ = 0 and fixed
ky = 0. The maximum transfer positions of ξx(kz) corre-
spond to the expected kz positions of the paired double-Weyl
points, which are denoted by the white dashed line. (d) The
distribution ξz(kx, ky) with two rings. (e) The distribution
ξy(kx, kz) with four maximum peaks. (f) The distribution
ξ′x(ky, kz) with two rings. The patterns in (d-f) with δ = 0.5
and mz = 2 reveal the positions of four single-Weyl points
(±pi/3, 0,±pi/3). The other parameter is F = 0.2 in (a-f).
tions ξη along different directions are given by [57, 58]
ξx(ky, kz) = P
x
LZ(ky, kz),
ξy(kx, kz) = P
y
LZ(kx, kz), (14)
ξz(kx, ky) = 2P
z
LZ(kx, ky)[1− P zLZ(kx, ky)],
where the Landau-Zener transition probabilities are
P xLZ = e
−pi∆2x(ky,kz)/4vxF , P yLZ = e
−pi∆2y(kx,kz)/4vyF and
P zLZ = e
−pi∆2z(kx,ky)/4vzF , with vx = vy = v‖ and the en-
ergy gaps ∆x = 2E+(kx = 0, ky, kz), ∆y = 2E+(kx, ky =
0, kz) and ∆z = 2E+(kx, ky, kz = k
c
z) for the Landau-
Zener events along the kη directions.
We numerically calculate the transfer fractions ξη, with
the results for typical parameter shown in Fig. 6. For the
case of δ = 0 and mz = 2 in Fig. 6(a), there are two max-
imum transfer positions of quasimomentum distribution
ξx(ky, kz) in the ky-kz plane. The positions correspond to
the expected ky = 0 and kz = ±kcz for the paired double-
Weyl points. As the energy gap decreases, the transition
probability in a Landau-Zener tunnelling increases expo-
nentially. When the band gap closes, the transfer fraction
ξx(ky, kz) will increase dramatically and thus the band
crossing points can be clearly identified in experiments.
Due to the C4 symmetry of the Bloch Hamiltonian when
δ = 0, one can find that ∆y(kx, kz) = ∆x(ky, kz) and
the distribution of the transfer fraction ξy(kx, kz) is the
same as the one of ξx(ky, kz) shown in Fig. 6(a) by re-
placing ky with kx. When the atoms move along kz direc-
tion, there are two subsequent Landau-Zener tunnelling.
In Fig. 6(b), the distribution of the transfer fraction
ξz(kx, ky) shows the ring-type profile. The position with
the value ξz = 0 indicates kx = ky = 0 for the double-
Weyl points. In Fig. 6(c), for δ = 0 and fixed ky = 0,
the maximum transfer positions of quasimomentum dis-
tributions ξx(kz) correspond well to the expected kz po-
sitions of the mimicked double-Weyl points as plotted by
the dashed line. Therefore, by probing the momentum
distribution ξx(kz, ky) and ξz(kx, ky) from the standard
time-of-flight measurement after a Bloch oscillation, the
positions of the double-Weyl points in momentum space
can be well revealed.
The method is applicable for detecting the single-Weyl
points created by the symmetry breaking when δ 6= 0 in
this system. We consider the typical case of δ = 0.5 and
mz = 2, with four single-Weyl points in kx-kz plane. In
this case, there are two subsequent Landau-Zener transi-
tions along kx direction and thus the transfer fraction ξx
in Eq. (14) becomes
ξ
′
x(ky, kz) = 2P
x
LZ(ky, kz)[1− P xLZ(ky, kz)], (15)
while ξy and ξz remain the same expressions. The nu-
merical results of ξz, ξy and ξ
′
x are respectively shown
in Figs. 6(d,e,f). One can find that both the distribu-
tions ξz(kx, ky) and ξ
′
x(ky, kz) have two rings and the
positions inside each ring with ξz = ξ
′
x = 0 indicate four
band crossing points located at (±pi3 , 0,±pi3 ) as expected
for the single-Weyl points in this case. The four peaks
of transfer fraction ξy(kx, kz) shown in Fig. 6(e) also re-
veal the exact positions of the four gapless points. We
note that the Bloch-Zener method can not tell the triv-
ial (accidental) gapless points and the non-trivial Weyl
points in the bands. However, the double- and single-
Weyl points in our model system can be distinguished
from the different patterns of ξη, as shown in Fig. 6. To
detect the topology of the gapless points, one may fur-
ther perform the interference between two atomic gases
traveling across the points in momentum space revealed
by the Bloch-Zener method to extract the Berry phases
and thus the Chern numbers [59]. Below we present two
different approaches to measure the band topology in our
model system.
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FIG. 7: (Color online) The hybrid Wannier center in a tight-binding chain of length Ly = 60 under the open boundary condition
at half filling as a function of the adiabatic pumping parameter kx for varying kz. (a) The profile of the hybrid Wannier center
〈ny(kx)〉 without trapping potential shows two jumps of one-unit-cell for kz (outside) within the region (−0.5pi, 0.5pi), with two
typical examples kz = 0 and kz = 0.6pi shown in (b). (c) The profile 〈ny(kx)〉 under a weak harmonic trap with Vt = 3× 10−4.
The parameters are δ = 0 and mz = 2 in (a-c). (d) The profile without trapping potential shows two jumps of 〈ny(kx)〉 for all
kz, with two typical examples shown in (e). (f) The profile under a harmonic trap with Vt = 6 × 10−4. The parameters are
δ = 0 and mz = 0.5 in (d-f). (g) The profile without trapping potential exhibits two discontinuous jumps of one-unit-cell when
kz(−0.46pi,−0.20pi) or kz(0.20pi, 0.46pi), with two typical examples shown in (h). (i) The profile under a harmonic trap with
Vt = 2× 10−4. The parameters are δ = 1.7 and mz = 0.5 in (g-i). (j) The profile without trapping potential shows no jump of
〈ny(kx)〉 for all kz, with two typical examples shown in (k). (l) The profile under a harmonic trap with Vt = 3 × 10−4. The
parameters are mz = 3.2 and δ = 0 in (j-l). The kz-dependent Chern numbers Ckz in (a-l) are also plotted.
B. Detection of the Chern number from the shift
of hybrid Wannier center
We now proceed to propose a realistic scheme to di-
rectly measure the Chern number of the double-Weyl
semimetals and other topological states in optical lat-
tices, based on the particle pumping approach and hy-
brid Wannier functions in the band theory [38–40, 60–
62]. With the dimension reduction method, the three-
dimensional system can be treated as a collection of kz-
modified two-dimensional Chern insulators with the kz-
dependent Chern number defined in kx-ky plane as differ-
ent slices of out-of-plane quasimomentum kz. Such a two-
dimensional insulating subsystem can be further viewed
as a fictitious one-dimensional insulator subjected to an
external parameter kx. Thus, its Chern number can be
defined by the polarization P (kx, kz) =
1
2pi
∫ pi
−piA(k)dky
for the geometry of the underlying band structure. Ac-
cording to the modern theory of polarization [61, 62],
the Chern number defined in kx-ky space can be ob-
tained from the change in polarization induced by adi-
abatically changing the parameter kx by 2pi: Ckz =∫ pi
−pi
∂P (kx,kz)
∂kx
dkx. For measuring P (kx, kz), one can use
another fact that the polarization can alternatively writ-
ten as the center of mass of the Wannier function con-
structed for the single occupied band.
In this system, the polarization P (kx, kz) can be ex-
pressed by means of the centers of the hybrid Wannier
functions, which are localized in the y axis retaining
Bloch character in the kx and kz dimensions. The varia-
tion of the polarization and thus the Chern number are
directly related to the shift of the hybrid Wannier center
along the y axis in the lattice. The shift of hybrid Wan-
nier center by adiabatically changing kx is proportional
9to the Chern number, which is a manifestation of topo-
logical pumping with kx being the adiabatic pumping
parameter. In this system, the hybrid Wannier center of
a one-dimensional insulating chain along y axis described
by the Hamiltonian H˜ = H +HP can be written as
〈ny(kx, kz)〉 =
∑
iy
iyρiy (kx, kz)∑
iy
ρiy (kx, kz)
, (16)
where ρiy (kx, kz) denotes the density distribution of the
hybrid Wannier function as a function of the parameter
kx and kz with iy being the lattice-site index in the one-
dimensional chain, and takes the following form
ρiy (kx, kz) =
∑
occ
|kx, kz〉iy iy 〈kx, kz|, (17)
where |kx, kz〉iy denotes the hybrid wave function of the
system at site iy and the notation occ denotes the occu-
pied states. In cold atom experiments, the atomic den-
sity ρiy (kx, kz) can be directly measured by the hybrid
time-of-flight images, which is referring to an in situ mea-
surement of the density distribution of the atomic cloud
in the y direction during free expansion along the x and
z directions. In the measurement, the optical lattice is
switched off along the x and z directions while keeping
the system unchanged in the y direction. One can map
out the crystal momentum distribution along kx and kz
in the time-of-flight images and a real space density res-
olution in the y direction can be done at the same time.
Thus one can directly extract the Chern number from
this hybrid time-of-fight images in the cold atom system.
To demonstrate the feasibility of the proposed method,
we numerically calculate 〈ny(kx, kz)〉 in a tight-binding
chain of length Ly = 60 under the open boundary con-
dition at half filling for some typical parameters, with
the results shown in Fig. 7. For δ = 0 and mz = 2
in Figs. 7(a) and 7(b), the system is in the double-
Weyl semimetal phase with kcz = ±pi/2, and we find
that as kx changing from −pi to pi, 〈ny(kx)〉 exhibits two
discontinuous jumps of one unit cell within the region
kz(−0.5pi, 0.5pi) and the jumps disappear outside this re-
gion. To be more clearly, we also plot 〈ny(kx)〉 for kz = 0
and kz = 0.6pi as two examples in Fig. 7(b). The dou-
ble one-unit-cell jumps driven by kx indicates that two
particles is pumped across the system, as expected for
Ckz = 2. For δ = 0 and mz = 0.5 in Figs. 7(d) and 7(e),
we find that two discontinuous jumps of 〈ny(kx)〉 for all
kz as kx changing from −pi to pi, indicating that the sys-
tem is in the topological insulating phase with Ckz = 2.
For mz = 0.5 and δ = 1.7 in Figs. 7(g) and 7(h), the
system is in the Weyl semimetal phase with eight single-
Weyl points and we find that when kz(−0.46pi,−0.20pi)
and kz(0.20pi, 0.46pi), 〈ny(kx)〉 shows two discontinuous
jumps of one-unit-cell by varying kx from −pi to pi, consis-
tent with Ckz = 2 in these kz regions as shown in Fig. 5.
When the system is in the normal band insulating phase
for mz = 3.2 and δ = 0, as expected, there is no jump of
the hybrid Wannier center 〈ny(kx)〉 for all kz by chang-
ing adiabatic pumping parameter kx from −pi to pi, as
shown in Figs. 7(j) and 7(k). We also obtain the results
of 〈ny(kx)〉 when the system is in the Weyl semimetal
phase with four single-Weyl points, similar with those in
Fig. 7(a). This establishes a direct and clear connection
between the shift of the hybrid Wannier center and the
topological invariant of the system in different phases.
In order to simulate the realistic experiment, we add
a weak harmonic trap to this finite-site lattice with the
open boundary. The trapping potential in the chain can
be effectively described as Ht = Vt
∑
iy
(iy − Ly2 )2aˆ†iy aˆiy ,
where Vt is the trap strength. Within a local density
approximation, as long as the lower band is still filled at
the center of the trap, the shifts of the hybrid Wannier
center can be expected to be nearly the same as those
without the trap potential. If the band gap Eg < Vt(iy−
Ly
2 )
2, the lower band is only partially filled near the two
edges and then this pumping argument is no longer well
applicable. In practical experiments, one can turn the
trap strength to Vt ∼ 4Eg/L2y or emphasize the shift
of hybrid Wannier center in the central region. With
numerical simulations, we demonstrate that the results
of 〈ny(kx, kz)〉 preserve with a deviation less than 2%
except the regions near the band crossing points for Vt =
3×10−4 in Fig. 7(c) and 7(l), Vt = 6×10−4 in Fig. 7(f),
and Vt = 2× 10−4 in Fig. 7(i). They are consistent with
the estimates in the local-density analysis.
C. Detection of the band topology from the spin
polarization in momentum space
Below we propose an alternative method to probe the
band topology of the C4-symmetric Bloch Hamiltonian
with δ = 0 from the spin polarization in momentum
space, which can be implemented with bosonic atoms in
the optical lattice. When the system has C4 symmetry
in the xy plane, we can treat kz as an effective parameter
and reduce it to a collection of effective two-dimensional
subsystems, whose Chern number Ckz for a fixed kz can
be determined by the following equation [17, 20]
ei
pi
2Ckz =
∏
nocc
γn(0, 0, kz)γn(pi, pi, kz)χn(0, pi, kz). (18)
Here γn and χn are the C4 and C2 eigenvalues on the
n-th Bloch band at high-symmetry momentum points in
kx-ky plane, respectively.
For our two bands system, C4 = e
−ipi2 σz = −iσz and
C2 = C
2
4 = −1, such that the term χn(0, pi, kz) = −1 in
Eq. (18) can be dropped from the expression. The Chern
number Ckz of the lower band for different kz can thus
be determined by the simple relation
ei
pi
2Ckz = S−(0, 0, kz)S−(pi, pi, kz) (19)
where S−(0, 0, kz) and S−(pi, pi, kz) are the eigenvalues of
the σz operator on the lower band. Thus to obtain Ckz for
a given kz, one only needs to measure the eigenvalues of
10
σz in the two high symmetry points in kx-ky plane Λi =
{Γ = (0, 0, kz),M = (pi, pi, kz)}. This can simplify the
experimental detection of the topological invariant of the
Bloch bands. The high symmetry points Λi satisfy that
PΛi = Λi. Thus, the constraints at these points give
f(Λi) = −f(Λi) and f∗(Λi) = −f∗(Λi), which imply
that f(k) and f∗(k) vanish. So at the high symmetry
points Λi, the Bloch Hamiltonian can be written as
H(Λi) = dz(Λi)σz, (20)
where the energy of the two bands E±(Λi) = ±|dz(Λi)|.
Since the Bloch Hamiltonian commutes with the sym-
metry operator, i.e., [C4,H(Λi)] = 0, the Bloch states
of the two bands |u±(Λi)〉 are also the eigenstates of C4.
Therefore, one can obtain the Chern number of the lower
band for different kz by measuring the spin polarization
〈σz〉 near the high symmetry points in momentum space,
which can be written as
〈σz(Λi)〉 = n↑(Λi)− n↓(Λi)
n↑(Λi) + n↓(Λi)
. (21)
Here n↑,↓(Λi) denotes the atomic density of spin states
| ↑, ↓〉 at the high symmetry points in kx-ky plane for a
fixed kz. Since this detection protocol only requires mea-
surement of the atomic density distribution in momen-
tum space, it can be applied to bosonic atoms, typically
Bose-Einstein condesates, in the optical lattice system
with the topological bands.
In the experiment with a condensate in the optical lat-
tice, the spin polarization at the two high symmetry mo-
menta can be written as
〈σz(Λi)〉 ≈ S−(Λi)f(E−, T ) + S+(Λi)f(E+, T ), (22)
where f(E±, T ) = 1/[e(E±(Λi)−µ)/kBT − 1] is the Bose-
Einstein statistics with µ and T respectively being the
chemical potential and temperature, and S±(Λi) are
the eigenvalues of σz on the lower and upper bands at
Λi. Since S+(Λi) = −S−(Λi), one has 〈σz(Λi)〉 ≈
S−(Λi)[f(E−, T ) − f(E+, T )]. Thus by preparing a
cloud of bosonic atoms with the temperature satisfying
f(E−(Λi), T ) > f(E+(Λi), T ), one can obtain
sgn[〈σz(Λi)〉] = sgn[S−(Λi)]. (23)
Therefore, the spin polarization 〈σz(Λi)〉 can be precisely
measured with a condensate at low temperature.
In practical experiments, one can prepare the atoms
in the spin-up state and adiabatically load the con-
densate into the Λi points. Then one can perform
the spin-resolved time-of-flight expansion, which projects
the Bloch states onto free momentum states accord-
ing to the plane-wave expansion with a complete ba-
sis of plane waves {ψ↑m,n(Λi), ψ↓p,l(Λi)}. The Bloch
state of lowest band can be expressed as |u−(Λi)〉 =
∑
m,n am,nψ
↑
m,n(Λi)| ↑〉 +
∑
p,l bp,lψ
↓
p,l(Λi)| ↓〉, where
am,n and bp,l are coefficients. The spin polarization for
the Bloch eigenstates of the lower band at high symme-
try points is given by 〈σz(Λi)〉 = 〈u−(Λi)|σz|u−(Λi)〉 =∑
m,n |am,nψ↑m,n(Λi)|2−
∑
p,l |bp,lψ↓p,l(Λi)|2, which gives
rise to the expression in Eq. (21). Finally one can
obtain n↑,↓(Λi) by the time-of-flight measurement, and
thus obtain the kz-dependent Chern number of the
Bloch bands from Eq. (19) with S−(Γ)S−(M) =
sgn[〈σz(Γ)〉]sgn[〈σz(M)〉] in this case.
Finally, the fact that the topology of the C4-symmetric
bands can be determined by only the Bloch states at
the symmetric momenta can greatly simplify the exper-
imental detection of the topological bands. Similar pro-
tocol has been implemented to detect the topology of
the inversion-symmetric bands with Bose-Einstein con-
densates in two-dimensional optical lattices [41]. In our
three-dimensional system, one can extract Ckz from the
proposed measurements for various kz and mz, corre-
sponding to the line of δ = 0 in the phase diagram. If all
two-dimensional slices have Ckz = 0, the system is in the
trivial insulator phase, while it is in the topological insu-
lator phase if Ckz = 2 for all kz. The change of Ckz by
two along kz axis indicates the presence of double-Weyl
points and the system is in the double-Weyl semimetal
phase.
V. CONCLUSIONS
In summary, we have proposed an optical lattice
system for simulation and exploration of double-Weyl
semimetals. We have investigated the topological prop-
erties of the double-Weyl semimetal phase and obtained
a rich phase diagram with several other quantum phases,
which include a topological insulator phase and two
single-Weyl semimetal phases. Furthermore, with nu-
merical simulations, we have proposed practical meth-
ods for the experimental detection of the mimicked Weyl
points and the characteristic topological invariants with
cold atoms in the lattice system. The proposed system
would provide a promising platform for elaborating the
intrinsic exotic physics of double-Weyl semimetals and
the related topological phase transitions that are elusive
in nature.
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